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Scheduling 101

remaining
size  

online
arrivals

attained 
service

response time, 𝑻𝑻

Job sizes 
are known

Shortest Remaining Processing Time (SRPT)

optimal in worst-case!

M/G/1 response time analysis – [Schrage 1966]

Q: What scheduling 
      policy minimizes 

𝑬𝑬 𝑇𝑇 ?

Fully 
preemptible
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Scheduling 102 – Unknown job sizes

Shortest Expected Remaining 
Processing Time (SERPT) ?Q: What scheduling 

      policy minimizes 
𝑬𝑬 𝑇𝑇 ?

Job sizes unknown

Run job with smallest:  
𝑬𝑬[𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 − 𝑎𝑎 ∣  𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 > 𝑎𝑎]

attained
service

online
arrivals

response time, 𝑻𝑻

But know job size
distribution

Pr{𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 = 𝑥𝑥}

𝑥𝑥



Scheduling 102 – Unknown job sizes

online
arrivals

response time, 𝑻𝑻

But know job size
distribution

Job sizes unknown

Pr{𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 = 𝑥𝑥}

𝑥𝑥

Gittins Index Policy:

attained 
service

𝐼𝐼𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛 𝑎𝑎 = sup
𝑦𝑦>𝑎𝑎

 
𝑷𝑷{𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 ≤ 𝑦𝑦 ∣  𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 ≥ 𝑎𝑎}

𝑬𝑬[min(𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆,𝑦𝑦) − 𝑎𝑎 ∣ 𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 ≥ 𝑎𝑎}
 

Run job with highest index

≈  sup
𝑦𝑦>𝑎𝑎

 
𝑷𝑷{Job finishes in next 𝑦𝑦 − 𝑎𝑎}

𝑦𝑦 − 𝑎𝑎
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online
arrivals

response time, 𝑻𝑻

But know job size
distribution

Job sizes unknown

Pr{𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 = 𝑥𝑥}

𝑥𝑥
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Gittins Index Policy:  highest index first

𝐼𝐼𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛 𝑎𝑎 = sup
𝑦𝑦>𝑎𝑎

 
𝑷𝑷{𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 ≤ 𝑦𝑦 ∣  𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 ≥ 𝑎𝑎}

𝑬𝑬[min(𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆,𝑦𝑦) − 𝑎𝑎 ∣ 𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 ≥ 𝑎𝑎}
 

Gittins Policy:
[Gittins ‘89], [Gittins, Glazebrook, Weber  2011]

“SOAP” paper
[Scully, Harchol-Balter, Scheller-Wolf 2018]

M/G/1 response time analysis: attained 
service
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Scheduling 103 – M/G/k

Poisson
process

𝑘𝑘 
servers

Gittins Index 
Policy
response time, 𝑇𝑇

Q: What scheduling 
      policy minimizes 

𝑬𝑬 𝑇𝑇 ?

Job sizes 
are known

SRPT-𝑘𝑘 :  At all times run the 𝑘𝑘 jobs with 
                shortest remaining processing time

lim
𝜌𝜌→1

 
 𝑬𝑬 𝑇𝑇 𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆−𝑘𝑘

 𝑬𝑬 𝑇𝑇 𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆−1 = 1

Not worst-case optimal! 
[LR 1997]

THM: 
Similar
result when
job sizes
unknown!
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Scheduling 103 – M/G/k

Poisson
process

𝑘𝑘 
servers

Gittins Index 
Policy
response time, 𝑇𝑇

Job sizes 
are known

SRPT-𝑘𝑘 :  At all times run the 𝑘𝑘 jobs with 
                shortest remaining processing time

lim
𝜌𝜌→1

 
 𝑬𝑬 𝑇𝑇 𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆−𝑘𝑘

 𝑬𝑬 𝑇𝑇 𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆−1 = 1THM: 
Similar
result when
job sizes
unknown!

SRPT-𝑘𝑘 result:
[Grosof, Scully, Harchol-Balter 2018]

Gittins-𝑘𝑘 result:
[Grosof, Scully, Harchol-Balter 2020]
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 Scheduling today’s 
     parallel speedup jobs

Each job runs on a 
SINGLE server/core

Typical job runs on 
MULTIPLE cores 
simultaneously
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# cores requested 

1000} 1010} 1020} 1030} 1040} 1050}

1.0}

0.1}

0.01}

0.001}

*Numbers are normalized 10

A job runs on MANY cores simultaneously

Numbers from Google Borg 2020 trace
           [Tirmazi et al., EUROSYS 2020]



11

“elastic”
speedup 𝑠𝑠(𝑘𝑘) 

1
2
3

5
4

1 2 3 54 𝑘𝑘 cores

Malleable jobs

o machine learning jobs
o some scientific computing jobs

o database queries

 Can run job on ANY number cores 
     Can change job’s allocation as it runs

 Execution time depends on 
     number of cores allocated

“inelastic”

Parallel Speedup Model
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Parallel Speedup Model

speedup

1
2
3

5
4

1 2 3 54 𝑘𝑘 cores

Each job 𝑖𝑖 has:
 inherent duration, 𝑥𝑥𝑖𝑖
 speedup function 𝑠𝑠𝑖𝑖(𝑘𝑘)

𝑠𝑠1(𝑘𝑘) 

When run 
on 𝑘𝑘 cores

Execution
 time 

When run 
on 1 core 𝑥𝑥𝑖𝑖

𝑥𝑥𝑖𝑖
𝑠𝑠𝑖𝑖(𝑘𝑘)

𝑥𝑥1𝑥𝑥2𝑥𝑥3

𝑠𝑠3(𝑘𝑘) 

𝑠𝑠2(𝑘𝑘) 
GOAL:  
Minimize mean 
response time

Gittins Index 
Policy

response time, 𝑇𝑇
Assume throughout:  ∀𝑖𝑖, 
 𝑠𝑠𝑖𝑖 𝑘𝑘 = 𝑘𝑘 if   0 ≤ 𝑘𝑘 ≤ 1
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Parallel Speedup Model

speedup

1
2
3

5
4

1 2 3 54 𝑘𝑘 cores

Each job 𝑖𝑖 has:
 inherent duration, 𝑥𝑥𝑖𝑖
 speedup function 𝑠𝑠𝑖𝑖(𝑘𝑘)

𝑠𝑠1(𝑘𝑘) 

When run 
on 𝑘𝑘 cores

Execution
 time 

When run 
on 1 core 𝑥𝑥𝑖𝑖

𝑥𝑥𝑖𝑖
𝑠𝑠𝑖𝑖(𝑘𝑘)

𝑥𝑥1𝑥𝑥2𝑥𝑥3

𝑠𝑠3(𝑘𝑘) 

𝑠𝑠2(𝑘𝑘) 

OUTLINE: 
Minimize 𝑬𝑬[𝑇𝑇]

  1)  Single Speedup 
       Function

  2) Multiple Speedup
       Functions
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All jobs have SAME speedup function

Speedup of all jobs:
𝑥𝑥1 = 30

𝑥𝑥2 = 20

𝑥𝑥3 = 10

favor 
shortest

All present at time 0

heSRPT

maximize 
efficiency

speedup

1
2
3

5
4

1 2 3 54
𝑘𝑘 cores

𝑠𝑠 𝑘𝑘 = 𝑘𝑘 



15

All jobs have SAME speedup function

Speedup of all jobs:
𝑥𝑥1 = 30

𝑥𝑥2 = 20

𝑥𝑥3 = 10

favor 
shortest

All present at time 0

maximize 
efficiency

speedup

1
2
3

5
4

1 2 3 54
𝑘𝑘 cores

𝑠𝑠 𝑘𝑘 = 𝑘𝑘 

𝑥𝑥𝑚𝑚(𝑡𝑡) > 𝑥𝑥𝑚𝑚 𝑡𝑡 −1 > ⋯ > 𝑥𝑥2> 𝑥𝑥1

𝑚𝑚 𝑡𝑡 = #jobs at time 𝑡𝑡 
𝑥𝑥1 > 𝑥𝑥2 > 𝑥𝑥3 > ⋯ >  𝑥𝑥𝑚𝑚(𝑡𝑡)

Theorem (heSRPT):

=
𝑖𝑖

𝑚𝑚 𝑡𝑡

2

−
𝑖𝑖 − 1
𝑚𝑚(𝑡𝑡)

2

 Opt share
to job 𝑖𝑖

[Berg, Vesilo, Harchol-Balter, 
  Perf. Eval. 2020]
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All jobs have SAME speedup function

Speedup of all jobs:
𝑥𝑥1 = 30

𝑥𝑥2 = 20

𝑥𝑥3 = 10

favor 
shortest

All present at time 0

maximize 
efficiency

speedup

1
2
3

5
4

1 2 3 54
𝑘𝑘 cores

𝑠𝑠 𝑘𝑘 = 𝑘𝑘𝑝𝑝 

𝑥𝑥𝑚𝑚(𝑡𝑡) > 𝑥𝑥𝑚𝑚 𝑡𝑡 −1 > ⋯ > 𝑥𝑥2> 𝑥𝑥1

𝑚𝑚 𝑡𝑡 = #jobs at time 𝑡𝑡 
𝑥𝑥1 > 𝑥𝑥2 > 𝑥𝑥3 > ⋯ >  𝑥𝑥𝑚𝑚(𝑡𝑡)

Theorem (heSRPT):

=
𝑖𝑖

𝑚𝑚 𝑡𝑡

1
1−𝑝𝑝

−
𝑖𝑖 − 1
𝑚𝑚(𝑡𝑡)

1
1−𝑝𝑝

 Opt share
to job 𝑖𝑖

[Berg, Vesilo, Harchol-Balter, 
  Perf. Eval. 2020]

New work coming soon allowing any 
concave speedup function

[Li, Ju, Eryilmaz, Shroff ’26]
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All jobs have SAME speedup function
jobs arrive over time

favor 
shortest

maximize 
efficiency

Q: Tradeoff?

More relevant
in heavy load

More relevant
in light load

speedup

1
2
3

5
4

1 2 3 54
𝑘𝑘 cores

Speedup of all jobs:

𝑠𝑠 𝑘𝑘 = 𝑘𝑘 
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MULTIPLE speedup functions
jobs arrive over time

favor 
shortest

maximize 
instantaneous

efficiency

3-way 
decision

speedup

1
2
3

5
4

1 2 3 54
𝑘𝑘 cores

𝑠𝑠2(𝑘𝑘) 
𝑠𝑠1(𝑘𝑘) 

Are these
enough?

Defer Parallelizable Work
(maximize future efficiency)
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MULTIPLE speedup functions: Simpler Job Sizes

favor 
shortest

maximize 
instantaneous

efficiency

jobs arrive over time

3-way 
decision

Defer Parallelizable Work
(maximize future efficiency)

𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 ∼ 𝐸𝐸𝐸𝐸𝐸𝐸(𝜇𝜇) GREEDY class

Pick the GREEDY
policy that defers

the most parallelizable

Still not OPT, but close.

speedup

1
2
3

5
4

1 2 3 54
𝑘𝑘 cores

𝑠𝑠2(𝑘𝑘) 
𝑠𝑠1(𝑘𝑘) 

[Berg, Dorsman, Harchol-Balter
Sigmetrics 2018]
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MULTIPLE speedup functions: Simpler speedup fcns

favor 
shortest

maximize 
instantaneous

efficiency

jobs arrive over time
speedup

1 2 3 54 𝑘𝑘 cores

𝑠𝑠3(𝑘𝑘) 

Defer Parallelizable Work
(maximize future efficiency)[Berg, Wang, Moseley, 

Harchol-Balter,  2025 in submission]

𝑠𝑠2(𝑘𝑘) 
𝑠𝑠1(𝑘𝑘) 

𝑐𝑐3
𝑐𝑐2
𝑐𝑐1

THM: In sub-Halfin-Whitt,
o  Least Parallelizable First is opt.
o  SERPT is sub-opt

THM: In super-Non-Deg-Slowdown,
o SERPT is opt.
o  Least Parallelizable First is sub-opt
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[Berg, Harchol, Moseley, Wang, Whitehouse SPAA 2020] 

favor 
shortest

maximize 
instantaneous

efficiency

Defer Parallelizable Work
(maximize future efficiency)

ML Training jobs are 
    Elastic & Large

ML Inference jobs are 
    Inelastic & Small

Q: Given a stream of training and
inference jobs, how should we
schedule them to minimize mean
response time? 

POP QUIZ

A: Favor Inference Jobs!
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Outline

 Scheduling today’s 
     parallel speedup jobs

Each job runs on a 
SINGLE server/core

Typical job runs on 
MULTIPLE cores 
simultaneously
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Conclusion:  Parallel Speedup Jobs

Mor Harchol-Balter    harchol@cs.cmu.edu
When run 
on 𝑘𝑘 cores

Execution
 time 

When run 
on 1 core 𝑥𝑥𝑖𝑖

𝑥𝑥𝑖𝑖
𝑠𝑠𝑖𝑖(𝑘𝑘)

speedup

1
2
3

5
4

1 2 3 54 𝑘𝑘 cores

𝑠𝑠1(𝑘𝑘) 
𝑠𝑠3(𝑘𝑘) 

𝑠𝑠2(𝑘𝑘) 

23

favor 
shortest

maximize 
instantaneous

efficiency

Defer Parallelizable Work
(maximize future 

efficiency)

load
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